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Abstract

Analyzing thermodynamic non-equilibrium processes, like the laminar and turbulent fluid
flow, the dissipation is a key parameter with a characteristic minimum condition. That is
applied to characterize laminar and turbulent behaviour of the Couette flow, including its
transition in both directions. The Couette flow is chosen as the only flow form with constant
shear stress over the flow profile, being laminar, turbulent or both. The local dissipation
defines quantitative and stable criteria for the transition and the existence of turbulence.
There are basic results: The Navier Stokes equations cannot describe the experimental flow
profiles of the turbulent Couette flow. But they are used to quantify the dissipation of
turbulent fluctuation. The dissipation minimum requires turbulent structures reaching
maximum macroscopic dimensions, describing turbulence as a “non-local” phenomenon. At
the transition the Couette flow profiles and the shear stress change by a factor = 5 due to a
change of the “apparent” turbulent viscosity by a calculated factor = 27. The resulting
difference of the laminar and the turbulent profiles results in two different Reynolds numbers

and different loci of transition, which are identified by calculation.
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1. Introduction

1.1 The statement

The entropy production/dissipation is an important parameter to analyze and describe
physical non-equilibrum processes. In this paper that will be used to explain the existence of
and the transition to turbulence and back. The thermodynamics of irreversible (non-

equilibrum) processes give the background.

Since the identification of “turbulence” by Reynolds in 1883 the idea was that an “instability”
of the Navier-Stokes equations explains the phenomenon of the transition laminar-to-
turbulent. This paper explains turbulence as a stable process with stable limits between

turbulent and laminar zones, being well defined by a minimum dissipation requirement.

That is not common in the theories of fluid dynamics. J. Meixner, one of the pioneers of the
thermodynamics of irreversible processes /1/, summarizes the deficits of the theories of fluid
flow: ,Klassische Lehrblcher der theoretischen Physik behandeln die Hydro- und
Aerodynamik in der Regel ohne auf die thermischen Effekte einzugehen ... Man findet dies
nicht in einem klassischen Lehrbuch der theoretischen Physik, obwohl es ein charakte-

ristisches und interessantes und technisch wichtiges Beispiel der Kontinuums-Physik ist.“ /2/

The laminar/turbulent flow is a dissipative, meaning an irreversible thermodynamic process
requiring a continuous input of mechanical energy. With the changeover laminar-to-turbulent,
the flow resistance of the experiment increases spontaneously by a factor 3 — 10, thereby the

dissipation. The mechanical drive of the experiment has to be geared up by that magnitude.

“Instability” does not explain that increase of dissipation. Th. v. Karman remembers early
discussions with A. Sommerfeld, one of the pioneers of “hydrodynamic instability”, resulting in
a very critical remark: “Der Bedeutung der Turbulenz war er (Sommerfeld) nicht naher-

gekommen!® /19/

The calculations of this paper have been made for the Couette flow, which allows a simple and
straightforward calculation of the dissipation and the shear stress. The “principle of least
dissipation” is fulfilled for the laminar, linear Couette profile. Any other non-laminar, non-linear
Navier-Stokes solution for any other Couette profile would violate that “principle”. That
consequence is remarkable when discussing turbulence to be described by the Navier-Stokes

equations.



1.2 The minimum theorem of dissipation/entropy production

Helmholtz and Rayleigh describe a minimum dissipation theorem based on the Navier-Stokes
eguations. It states that the flow of an incompressible fluid — at any time and any position —

has minimum conceivable dissipation /3/.

Equivalent but more common is the theorem of minimum entropy production of the
thermodynamics of irreversible processes. It states that in stationary thermodynamic systems
all existing thermodynamic processes proceed in a manner that the entropy production

becomes minimal /4/.

The theory of irreversible thermodynamic processes is associated with the famous names
Onsager (Nobel Prize 1966), Casimir, Eckart, Meixner, de Groot, Prigogine (Nobel Prize
1977). The minimum requirement is mentioned as “Prigogine-Prinzip” in the German
Brockhaus Enzyklopadie /5/ and as “Rayleigh-Onsager principle of least dissipation or

principle of minimum entropy production” in the British Encyclopaedia Britannica /1/.

Klimontovich /8/ verifies the minimum condition for turbulent shear flows.

Malkus and Busse /7/ conclude that dissipation reaches its maximum in turbulent flow
conditions: “The realized turbulent shear flow represents the flow with maximum dissipation
at a given Reynolds number among all possible solutions of the Navier-Stokes equations of

motion.” This statement fully contradicts the theorems above.

Classical fluid theories recognise the concepts of corpuscular theory and continuum theory. A
fluid can also be considered as a system of discrete mass points and its mechanical behavior
can be dealt with by methods of the mechanics of point systems. In contrast, the continuum

theory uses certain “material constants” for characterising the material.

Classical, theoretical mechanics are equipped with a variety of tools for describing extreme
minimum properties of such mechanical point systems. In 1747 Maupertuis developed the
“Prinzip der kleinsten Wirkung”, which was later justified more rigorously by his colleagues
Euler and Lagrange at the Prussian Academy of Sciences in Berlin and by Hamilton. It is
supplemented by Gauss’s “Prinzip des kleinsten Zwanges” (Gauss 1829, Jacobi 1842) /11/
112/.



It is indisputable that both model approaches must not lead to different physical conclusions.
Information on this aspect is rare in the literature. G.E.A. Meier points out that “the kinematic
component (Note: “mass points” from a mechanics perspective) of non-steady motion play a
much greater role than one could have previously supposed based on the closed treatment of
the corresponding systems of equations” /13/. Behind Prandtl's mixing length hypothesis “a
certain analogy to the kinetic theory of gases” can be seen as mentioned by Schlichting /9/.
Further mechanisms are discussed by Durst /10/ and Nehring /14/.

A “corpuscular” character of fluid flow is an important argument in the later chapters.



2. Results for the Couette Flow

2.1 Thelaminar Couette flow

For a fluid flow between parallel walls — the Couette flow in Fig. 1 — the Navier-Stokes

equations give a simple, one-dimensional, linear, stationary velocity profile.

The shear stress 1 is constant across the profile, simplified to

T=U d—u = const. @
dy
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Fig. 1: Plane laminar Couette flow

A constant mechanical power input 7 AU is applied by the walls of the test equipment and is
converted into heat within the fluid. This is a dissipative and therefore irreversible thermo-

dynamical process.

The dissipation per volume element E is calculated

Eer (L) @



The dissipation increases quadratically with the shear rate. The linear flow profile includes the

minimum conceivable dissipation.

This dissipation has to take place

— infinitesimally locally,
— completely,

— without delay.

If there is even the slightest doubt about this and under such conditions a “delayed” energy

dissipation is present, the energy balance is unclosed.

The literature of “instability” gives the result that the laminar Couette flow is stable for all
conditions and all Reynolds numbers /9/. (An advanced non-linear stability analysis could lead
to an instability of the Couette flow solution /18/). The minimum dissipation theorem of Rayleigh
and Helmholtz gives the result that any solution of the Navier-Stokes equations gives a

minimum conceivable dissipation /3/.

Consequence:

- The Navier-Stokes equations will not describe any non-laminar Couette flow.



2.2 The turbulent Couette flow

With higher Reynolds numbers the Couette flow is turbulent. Fig. 2 shows different flow
profiles.
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Fig. 2: Velocity profile of the Couette flow between two parallel plane opposing walls /27/

The flow profiles found in the turbulent experiment at higher Reynolds numbers give a higher
dissipation than the linear profile in Fig. 1.

The Couette flow is the only flow form with a constant shear stress over the complete flow
profile, being laminar, turbulent or both.

The constant shear stress is simplified to Eq. 1, the dissipation per volume element to Eq. 2.

The 3-dimensional definition is
duj Oy
Ty = K (a *ox;

]

The shear stress 7 (or 7;5) is proportional to the gradient. With = = const. for the Couette flow

the gradient according to Navier Stokes has also to be constant — and is not.



The turbulent Couette flow profiles in Fig. 2 require a non-linear relation between gradient Z—Z

and shear stress 7, which is not given by the constant value of the viscosity u.
Consequence:

- The Navier Stokes equations cannot describe the experimental flow profile of the

turbulent Couette flow.

The “apparent” turbulent viscosity u:,,, Calculated in Chapt. 3 (see Eq. 10, 18, 19) shows
that non-linearity, required for the Couette flow, similar to the non-linear definition in Prandtl’s

mixing length hypothesis (Chapt. 3.4).



3. Additional fluid flow mechanism, nonlocal and delayed
dissipation

3.1 Turbulent flow elements

We consider fluid dynamic mechanisms additional to the Navier-Stokes equations with the
focus on processes with the possibility of delayed and nonlocal dissipation.

[1X1

There is an interesting ““fundamental paradox” of turbulence modeling between the local
character of the partial differential equations strongly favored by CFD methods and the

nonlocal physical nature of turbulence”, mentioned by Ph. R. Spalart /16/.

The focus of the following chapters is not a highly sophisticated theory. Turbulence, especially
its transition, is a rude process, easily to be observed by drastic changes of the physical flow
parameters. Every pilot of an aircraft and every sailor can tell stories about that. A simplified

physical description of the phenomenons should be possible.

The following chapters make use of simplifications:

Couette flow

- Laminar zones described by the Navier Stokes equations

- Turbulence zones described under the assumption of nonlocal momentum
exchange and “delayed” dissipation due to a “corpuscular behaviour”

- The dissipation of turbulent fluctuation is calculated by Taylor’s theory based on the

Navier Stokes equations

- Transition between the zones defined by the condition of minimum local dissipation

The results explain an increase of the flow resistance (factor >5), of the gradients of the flow
profile near the wall (factor >5) and of the apparent “viscosity” (factor >27) in spite of the local
minimum dissipation of the turbulent zones. They also explain two different Reynolds numbers
for the two directions of transition. The results are compared with the empirical values in Ch.
4.1-4.4.

We consider the plane Couette flow, Fig. 3. Contrary to the laminar Couette flow in Fig. 1, the
flow profile is not linear, but S-shaped in advance of later results. In that we consider a volume
having a dimension D at a sufficient distance from the walls. The dimension D is macroscopic,

but unknown in the moment.



We assume that a momentum exchange takes place in this volume element, but that any

dissipation takes place with a delay.
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Fig. 3: Plane Couette flow

The origin of coordinates is assumed to be in the centre of the D-element (Fig. 4). With a linear

profile Z—; = const. the kinetic energy Exin of all mass points of the D-element is

_ D/2 1 (du \? , _ 1 (du)\?
Exin = D? f_D/ng (@3’) dy = ZP(@) D3 (6)

After the momentum exchange, all mass points may possess equal kinetic energy. So the

resulting mean value of the velocity given by |un| is

2
{0 = o 2) 0 g
| |_Ld_”
w12 dy
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Fig. 4: Momentum exchange within the D-element

This way, the averaged total momentum of the upper and lower half spaces is adapted.

We now determine the momentum exchange Ap on surface y = const. in the centre of the D-

element as a measure for the “apparent” shear stress .

b/,
Ap = flpu(y)ldy
~b/,
b/,
zf du
= p—
dyy y
0
1 du )
=—=—p—
4" dy

We consider that exchange to be complete after the time AT when all mass elements of the D-

volume have moved at their average velocity component along the distance %-

. . .V .
The average velocity component of all mass elements per mean coordinates in % this lateral

to the mean flow through the planey =0 is % Thus AT = !

N D

wlR

Vau
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Further calculation leads to the apparent “shear stress” ©

_ tp
T—AT (8)

1 (du)z D?
T=—=p|\5
12v§p dy

We verify this result by adopting a simple approach, i.e. the “analogy to the kinetic theory of
gases” described in Prandtl's mixing length hypothesis /9/ /20/. According to the kinetic theory
of gases the viscosity is

1 —
w=splc ©)
where p is the density, | the mean free length, and ¢ the mean velocity of gas molecules.

Replacing the mean free distance | with % and the mean molecular velocity ¢ with Vg, the

apparent “viscosity” u; is given by

1 D
Mt=§PEun
1 du
=—~—p——D? 10
12ﬁpdy (10)
and
du
Tt:'utdiy

which confirms the mentioned result.

-11 -



3.2 Maximum turbulent dimensions

The question arises on the possible quantitative D values. For this the condition of minimum

dissipation gives a surprising result.

The local dissipation E can be expressed as

£ du

or, with T according to Eq. 8,

£~ (2 p
-

For any Couette flow profile the shear stress is constant

) duy?
T=~D (—) = const.
dy
or
du 1
o D (11)
and thus
. 1
~5 (12)

The dissipation decreases as D increases. For the dissipation to be at its minimum, D has to

assume maximum possible values — characterizing the dissipation E as “nonlocal’.

The maximum possible D-values are limited by the fact that the D-volume must not
approach the boundary conditions (walls). From the condition of continuity and the
assumed incompressibility of the fluid near the wall it follows that volume is displaced by
transverse flow at a velocity which becomes higher as the distance from the wall decreases
and D increases. Excessive dimensions and too great a proximity to the wall would

contradict the definition of the D-element (undisturbed momentum exchange).

-12 -



The proximity to the wall is a limiting factor for a maximum value D. The approach below is

chosen

D=ay y = wall distance (12a)
The approach with a scaling factor o

o =133
gives a good idea of a maximum conceivable dimension of a D-volume with a momentum
exchange that is still “undisturbed” despite its proximity to the wall (Fig. 4).
3.3 Turbulent fluctuation and dissipation
To analyse the dissipation we use the well-known approach of Taylor (1935) for isotropic,
turbulent fluctuations. We follow the description given by Schlichting, Landau, Prandtl

19,20,21/.

The quantities relevant to turbulent flows, e.g. velocity u, are subdivided into a mean value u

and a superimposed fluctuation u’

u; = U +u i =123 (13)

The local dissipation E is calculated from the Navier-Stokes equations

+(%+%)2 —g(%+%+z—;‘:)z] (14)

s ouq 2 ouy 2 dus 2 ouy ouq 2 dus ouy 2
E—”[Z(a) v2(52) +2(Gn) +(Gest) +Geriy) + (G o T om
If one introduces the velocity according to equation (13) into the term for energy dissipation
equation 14, one obtains a proportion which depends on the gradient of the average velocity u
(usually called “direct dissipation”) and a proportion E,, which depends on the gradients of the

fluctuation movement. The latter is simplified after averaging to

- 6&)2 6&)2 (w)z (2 6&)2 (2 %)2 (Zee %)2
E= H 2 (6x1 +2 (6x2 +2 0x3 + 0x, + 0xq + Ox3 + 0xq + Ox3 + 0xo (15)

-13 -



Taylor’s further analysis gives

. 1 2 . . . .
E, =15 (a” l) (for one arbitrary combination of i, k) (16)

6xk

With the approach of Taylor we make use of the Navier-Stokes equations which are criticized
in this paper. At the end of this chapter a local Reynolds number is defined, with “critical”
values defining a local condition for the existence of turbulent flow. For the fluctuations u'; in

Eq. 13 these local values are by a factor 20-100 below that “critical” value.

Here an assumption of the mean fluctuation in Eq. 16 with the lowest possible dissipation is

required. This is represented in a simplified manner in Fig. 5 as a conceivable distribution of

Ju

variation component u'y. The zigzag shape of the profile was chosen because a—;y is used in

square terms in Eq. 16 and any other shape would result in higher values of dissipation E,. The
influence of that simplification on the factor 27 in Eqg. 19 can be discussed.

_____$___i_____

u'y 1& /F__
2\/C|L_|
|

Fig. 5: Assumption of fluctuation in one third of the D3-volume
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For the third part of the D3-volume outlined in Fig. 10 thus we see

auy

Y :8\ﬂ
OX

D

and relative to the entire D-volume
— N2 2

aLy = 1 .64 - un

OX 3 D?

When applied to Eg. 16 the expression is

2
E, =320 yVD‘*‘; (17)

E, in Eq. 17 defines the minimum conceivable value of dissipation.

The input of mechanical power introduced into the D-volume sz_; (t; according to Eqg. 8) has

to be greater than the (minimum conceivable) turbulent dissipation E, according to Eq. 17.

Combined reading Eq. 8 for 7, and Eq. 7 for f;,, leads to
s (5 0 2 (%) 1
12\/§pdy _12’udy (18)
2
or, after division by (Z—;) with Eq. 10,

"Meurp” = 271 (19)

Uerb 1S €Nnclosed in parentheses to remind the reader that the viscosity is an “apparent” one.

The result of this analysis is that turbulence is possible only if the “apparent” turbulent viscosity

resulting from the macroscopic fluctuation is at least 27 times greater than the Newton viscosity

.

-15 -



The Couette flow is the flow experiment with a constant sheer stress over the profile. So the
flow profile at the locus of turbulent transition has to be much flatter than before the transition

(thereby reducing the dissipation in spite of increasing ey p-

3.4 Comparison with Prandtl’s turbulent mixing length hypothesis

Prandtl's mixing length hypothesis is discussed to be an important step in explaining turbulent

flow behavior. The hypothesis has no approach by the Navier-Stokes equations.

Prandtl assumes that in a turbulent flow packets of fluid have an independent motion and move
both longitudinally and laterally over an average distance |, under conservation of their
momentum. The resulting fluctuations are explained by fluid packets of different velocities
encountering each other. Prandtl describes the mixing length by adopting the “analogy to the

kinetic theory of gases” /9/ /20/.

A further result of Prandtl and v. Karman is the logarithmic shape of the turbulent flow profile.
This is admired as an important and classical result. Marusic emphasizes: “The beauty of this
classical result is it simplicity particularly given the complexity of the multi scale non-linear
problem at hand” /22/. The theorem of minimum dissipation gives the same result by a very

simple approach (see Eqg. 11).

The turbulent shear stress is calculated as

r=pl° (duj (20)

Prandtl’'s theory makes no statement on the size and form of the fluid packets. The dimension
of the mixing length | is determined empirically from the flow profile of the experiment. It is
interesting to compare the results for Eq. 22 with the numerical results of Eg. 8 in the preceding

chapters.

-16 -



Some differences of Prandtl’'s mixing length hypotheses are a noteworthy.

— The mixing length is defined exclusively as a locus function of the wall distance. This is
guestionable because every location of the flow profile is reached and influenced by
mixing lengths of different sizes and from all directions.

— The mixing length gives no indication of the thickness of the laminar boundary layer near
the wall and of the transition to turbulence.

— The definition of the mixing length is an exclusively empirical operand rather than a
phenomenological measure for the range of turbulent mixing motion. Prandtl’'s formulation
lacks a factor 1/3 if one considers | the physical measure for a “range” of convective
momentum exchange (this lack is not important for the hypothesis because | is
determined empirically anyway) /10/. Physically this “range” is greater by a factor /3 than
the “mixing lengths”, the term commonly used in the literature. The empirical results lead

to | = 0,4 y near the wall, decreasing to | = 0,14 y near the center of a pipe flow.

For the comparison we substitute in Eq. 20 [ = 0,4y decreasing to [ =0,14y (y = wall

distance) andinEq. 8 D = %y. By this

Prandtl's Eq. 22 becomes

, (du 2
T=p-016-y <E> near the wall

du\?
T=p-0,02 :y? <E> near the center of the pipe

and Eqg. 8 becomes

5 duy*
T=p-0,085-y <E>

Both equations can be compared in spite of the completely different origin and background, if

the difference between pipe flow and Couette flow is taken into account.

-17 -



3.5 A“local” Reynolds number
The Reynolds number has been the focus of a lot of dimensional analyses.

We add a further dimensional discussion. The relation in Eq. 18 becomes dimensionless by

dividing by u (Z—Z)Z

> 555 1)

o I®

With Z—;‘ - D as “characteristic velocity” and D as “characteristic length” this equation takes the

form of a Reynolds number. This is now a locus function defining a local minimum condition for

the existence of turbulent flow

Rep rie = f(D) = 555 (21a)

With D = g y in Eqg. 12a we substitute Eq. 21.

(5 v)
—— =310 (22)
p
We further substitute
py2 2 ()
Rejoeqr = + (223)

with the wall distance y and the gradient Z—;(y). Eq. 22a is influenced by the wall distance and

by the form of the flow profile, being laminar or turbulent.
The denominator in Eq. 22a is equivalent to the “apparent” turbulent “viscosity” in Eq. 10 (after

including a factor) and equivalent to Prandtl’s hypothesis (after quantifying the mixing length

[l =04 -y, the empirical value near the wall /9/).
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Prandtl's theory gives no indication for the existence of turbulence. If turbulence exists at
sufficient high gradients Z—; and sufficient high wall distance y, the value of Rej,.q; IS

"Ilturp"

equivalent to a value of the ratio Re;, 4 = (after including the factor).

-19 -



4. Laminar and turbulent flow, theory and experiment

4.1 Macroscopic turbulent dimensions

The dissipation decreases as D increases. For the local dissipation to be at its minimum, D has
to assume maximum possible values. An important consequence of this statement is that the

turbulent motion pattern with maximum possible characteristic dimensions is a “normal case”.

The conclusion that the characteristic dimensions of turbulence assume maximum values
results in a change in perspective: Turbulence is not the result of “instable” laminar motion but
the normal condition or, as argued by Klimontovich /8/ focusing the minimum condition,
“turbulent flow has a greater degree of order than laminar flow”. Marusic et al. /22/ mention
“‘many unanswered questions in respect of very large scale motions (VLSMs)” or

“superstructures”.

The question arises how far this can be observed in the free atmosphere. The spatial extent
and the temporal course of the occurring flow events are of particular interest. Based on the
considerations in Chapter 3, we expect turbulence elements of a size >100 m and exchange

times of several minutes.

For such an observation, the visible part of cooling tower- and chimney plumes can be used.
Such a plume is saturated with water vapour and becomes visible — similar to a cloud —
through condensed water droplets. At a certain distance from the source, it can usually be
observed that the plume “dissolves”. This “dissolution" is mainly caused by turbulent mass
and heat exchange. Large-scale exchange processes must therefore become visible on
large structures of the plume image. The area where the plume has dissolved and only a few
shreds remain is particularly interesting. Some of the distances between them show a very

distinctive scaling.

Thermal and meteorological effects are superimposed on these exchange processes. An
unstable atmospheric stratification amplifies the turbulent exchange or superimposes it. A
stable atmospheric stratification or even an inversion impedes the turbulent vertical
exchange. The temperature and the evaporation energy of the visible cloud influence the

atmospheric layering itself.

-20 -



The interest remains for weather conditions with a medium dry atmosphere, medium wind

conditions and a largely neutral atmospheric layering. For this we expect scaling effects of

._ D . 2
size —,i.e. about - vy.
2 3

Fig. 6 shows observations using the Weisweiler power plant as an example. The originally
closed cloud image of the cooling tower plume breaks up into clearly identifiable individual
cloud areas, whose distance is roughly comparable to the distance to the ground. The
calculated “time” for the turbulent exchange is approx. 2.5 min. with the given wind speed.
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Fig. 6: Weisweiler power plant, 12/26/2009, 9.26 Uhr (1 min. time difference)
temperature 4 °C, wind 230 °/7-10 m/s

Depending on the weather conditions, a large power plant shows a very impressive cooling
tower plume. This is distracting from the fact that the main focus should be on the area
where the plume almost completely dissolves.

-22-



A smaller chimney plume is shown in Fig. 7 of the Julich sugar refinery. On the right side of
the photos one can still see just visible shreds of plume (marked with black arrows). Their
distance confirms the estimated scaling. In the left part of the photo, the extensive breaking

up of the chimney plume begins.
One can practically always find such a qualitative scaling, if the turbulence structures of a

cooling tower or chimney plume become visible with suitable atmospheric conditions. The

turbulent mixing movement thus involves relatively large-scale and slow-motion processes.
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Fig. 7: Julich sugar refinery, 01/02/2010, 11.22 Uhr (30 sec. time difference)
temperature 0°C, wind 230 °/4-7 m/s (contrast improved)
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4.2 Difference of laminar / turbulent flow profiles

In respect of the change-over from the laminar to the turbulent flow pattern, Eq. 19 states
that the “friction” becomes greater by a factor of 27. The flow profile at the locus of change-
over has to become significantly flatter than before because of the minimum-dissipation

condition.

The following conditions have to be satisfied for a change-over from laminar to turbulent

flow:

Condition 1: Minimum property of local dissipation

Elam > Eturb (23)

according to Eq. 8
3

( du )2> 1 D2< du )
U
dylam 12\/§p dYturb

Condition 2: Sufficient input of mechanical power after change-over to turbulent flow

according to Eq. 19

1
—p DZ( ) > 271
12\/§ d}’turb

or according to Eq. 21
Rep tyrp > 555

Condition 3: Constant shear stress (Couette flow)

T = const.
_ 1 2 du 2
B 12\/?—),0 D (d.'Vturb) (24)
= ”Z_; (y = 0) for the laminar layer near the wallat y = 0 (25)
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Applying condition 2 in condition 1, the following holds for the locus of change-over:

du \2 du 2
(dYZam) > 27 (dyturb) (26)
or
du , du (27)
dYiam AYturb

For the layer y = 0 near the wall, condition 2 and condition 3 lead to

du
dYturb

To > 271

or

du
AYturb

du

E(y ~0) > 27 (28)
According to these results the flow profile at the locus of change-over from laminar to
turbulent flow becomes flatter by a factor of >+/27 = 5,2 and the (laminar) profile in the

immediate proximity to the wall becomes steeper by a factor of > /27 = 5,2, thus being

steeper by a factor of > 27 than at the locus of change-over.

This also means that with the increase of the slope near the wall the wall shear stress also

increases by a factor of >+/27 = 5,2, and so does the entire flow resistance of the

experiment.

Fig. 2 provides the experimental information for the Couette flow profile. The turbulent flow

profile is by a factor of 5 flatter in the middle than the linear laminar profile (see vertical

arrows).

The increase of the gradient near the wall can be estimated with a factor = 4 (see horizontal

arrows).
In the boundary layer at the plane plate, laminar and turbulent flow forms exist at Reynolds
numbers of 2 -10°...6 -10°. The wall shear stress and thus the gradient near the wall

changes by a factor of 3-5.

In the pipe flow, the resistance and thus the gradient near the wall changes by a factor of 2-2.5

(the assumption of a constant shear stress across the profile does not apply to the pipe flow).
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4.3 Hysteresis of the laminar-turbulent-laminar transition

In the flow experiment the change laminar-to-turbulent shows remarkable differences
compared with the change turbulent-to-laminar. Due to that different characteristics we use the
expressions “change-over” and “transition”. The change-over experiment starts with a low
laminar flow rate. The laminar character can be maintained up to very high flow rates

(Reynolds number up to 4 - 10° for the boundary layer and up to 50,000 for the tube flow /9/).

The turbulent-to-laminar transition experiment starts with high turbulent flow rates. Reducing
the flow rates takes place with stable turbulence down to a well defined low Reynolds number,

the “critical” Reynolds number (2 - 10° for the boundary layer, 2,300 for the tube flow /9/).

Not only the Reynolds numbers are different in the two different types of change, but
additionally the local positions in the profile, where the change begins, are different.

The stability calculations performed to date do not explain these hysteresis effects. The range
is told to be due to the type of disturbing function involved and the degree of turbulence of the
incident flow and is referred to as ,zone of indifference® /17/. As a result, they do not consider
any possible differences between a change-over from laminar to turbulent flow and a transition

from turbulent to laminar flow.

L. Landau (Nobel price 1962) suggested two different critical Reynolds numbers for both types
of transition. He did not investigate it in more detail “because currently there is no evidence that

such cases of instability really exist” /21/.

The local Reynolds number Rej, as defined in Chap. 3 is strongly affected by the flow profile,
different for laminar and turbulent flow. (The “classical” Re numbers focus on geometrical
parameters like “hydraulic diameter” or “boundary layer length” etc.). The change of the profile

provides some clues to an analytical approach to that hysteresis.
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The transition from turbulent to laminar flow takes place at a local Reynolds number
Rep < 555
of the turbulent zone.

The change from laminar to turbulent flow is influenced by the profile becoming flatter by a

factor of v27 at the change-over point and therefore occurs at

Rep > 555 /27
> 2888

of the laminar zone.

Both types of change occur at different wall distances. This condition can be formulated for the
Couette flow. Assuming t = const.,, D ~ y (y = wall distance) and applying the logarithmic
velocity profile, one can express the local number Rej as a function of the shear stress for both

flow patterns in different ways.

From the constant shear stress of the Couette flow and the approach according to Eq. 11

immediately results the logarithmic flow profile typical of turbulent flows.

Applying Rep, ~D? 3—; according to Eqg. 20 the following holds for the turbulent flow:

2
Teurp~D? ( dydtZrb) according to Eqg. 8
du 1 .
Doy according to Eq. 11 (29)
Consequently Rep~ Tyyp Y

The following holds for the laminar flow:

du
Tiam — U dyl
am

Consequently  Rep ~ Tygm = V2
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The transition does not only take place at different Reynolds numbers but also at different wall
distances in the flow profile. The “change-over” from laminar to turbulent flow takes place at the
position where the local Reynolds number is at its possible maximum, i.e. at large wall
distances. The “transition” from turbulent to laminar flow takes place at small local Reynolds

numbers, i.e. small wall distances.

The distance between full turbulence and the laminar wall layer can be determined using the
assumptions for the Couette flow. in Fig. 8.
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|
I
I
|
I turbulent, loga-
I
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I
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: Uwrb ~ Iny
|
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Ywurb F————m———————F - ————— —_—— =
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" | :
i ’F,,.TL*" | (interpolation)
o _ - | |
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du
— =const.
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Fig. 8: Model assumption for the Couette flow
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The shear stress acting in the Couette flow is constant, both in the laminar and the turbulent

zone. In the proximity to the wall, the following holds:
T=const.= 1y = ”Z_; (y=0) (to wall shear stress)

In the proximity to the wall the profile is laminar and is linear because t = const. The gradient in
the immediate proximity to the wall is well defined and measured in terms of wall shear stress

To-
In the fully turbulent region y > y....p, the logarithmic profile apply.

Empirical values /9/ have to be used and interpolated between the fully turbulent region and

the linear region near the wall. A possible range is indicated with dashed lines.

For the slope of the flow profile where the fully turbulent region yww begins, and because of the
constant shear stress and Eq. 19, the following holds:

2
du( _0)= 1 D? du( )

d
=27 Uﬁ Vturn)

The constant slope of the laminar flow profile in the immediate proximity to the wall is reduced

by a factor 27 to the beginning of the region of fully developed turbulence.

A sufficiently steep flow profile near the wall is required to introduce sufficient mechanical
power into the flow for the turbulent dissipation at a greater distance from the wall. If this
equilibrium is disturbed by reducing the flow velocity, the condition of turbulence for the region
closest to the wall is no longer satisfied. The flow there becomes laminar. As a consequence,
the laminar region near the wall becomes thicker and the turbulent flow region becomes

smaller.

The discussion above allows a quantitative statement at what “classical” Reynolds number of
the Couette flow the change-over from turbulent to laminar flow takes place. The size of the D-
element about centre yn extends from y = 1/3 ym to 5/3 ym (Ym measured from one side of the
wall). Within the size of the D-element, the gradient of the profile at yn increases by a factor of

3 from the centre to the edge at y = 1/3 ym (and y = 5/3 ym) (see Fig. 2). An average gradient

-30 -



over this region, can be estimated with

du (1 5 NLu_m
dy(3ym<y<3ym)~\/ﬁym

and the local turbulent Re, number in the centre according to Eq. 20

2 16 ymu
Rep(center) = =5 yme

The “classical” Reynolds number for the Couette flow is defined /1/ as

2
Recoyette = %
= Rep(center) 116\/27
Applying Rep < 555

this results in

ReCouette,crit ~ 1600

(30)

(31)

(32)

The critical Reynolds numbers experimentally determined, stated in the literature, range from

1200 to 1500 /9/.

We look for the inverse transition laminar-turbulent for maximum Rep values of the laminar

linear couette flow, i.e. in the middle of the channel. For that, however, the condition Rep> 555.

does not apply. It applies after the transition for new profile, which is flatter by a factor v27. So

we can define the condition for the transition with

ReD,laminar,crit = ReD,crit V27

= 555 -/27
= 2888

(33)

However, this condition must not only be fulfilled in the middle of the channel at y =y, but for

the area around the middle of the dimension of a D element aty = yn, i.€. for 1/3 ym <y < ym.
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H 1
With ReD,laminar,crit = 2888 and y= gym

with Eq. 31 follows

ReCouette,laminar,crit ~ 29000

In the model calculation, too, the transition from laminar to turbulent flow form and back shows
striking hysteresis effects. The laminar flow can be maintained up to very high Reynolds
numbers. The turbulent flow form, in contrast, immediately changes into the laminar form when

the flow falls below the so-called critical Reynolds number.

Experimental results for the Couette flow are unfortunately not known in this connection. For
test conditions with particularly smooth inlet, maximum Reynolds numbers of 20,000 - 50,000
are given for the pipe flow, up to which the laminar flow could be maintained if the test was
carried out carefully /9/.

4.4 Smooth local transition (“law of wall”)

In chapter 4.3 the differences during the changes laminar-to-turbulent-to-laminar are described
and mentioned as “change-over’ and “transition”. There is a third type of change, which has
completely different features and is analyzed in the following chapter as “Smooth local
transition”. There is only empirical information available in the literature, sometimes

summarized as “law of wall” /9/ /20]/.

In the experiment (channel, pipe, boundary layer) 100 % laminar flows can be observed, but
never 100 % turbulent flows. Even with “turbulent” flows, there is always a laminar flow in the
immediate vicinity of the wall at the same time. Turbulent and laminar flow forms exists
simultaneously side-by-side. If the flowrate of the experiment is kept constant there is no
“smooth transition”. If the flowrate is varied the “transition” takes place near and parallel the
wall, in contrast to the “change-over”, which always takes place at a greater distance from the

wall or in the middle of the channel.
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For the discussion Fig. 9 shows empirical data of the wind profile near the ground at moderate

wind speeds over a relatively smooth surface. The presentation has some similarity to Fig. 8

for the Couette flow.

Near the wall (or ground) there is a laminar layer with a steep increase of the velocity. The
gradient is precisely defined and can be determined using the wall shear stress. The flat
velocity profile of the turbulent flow can be seen at a greater distance. The crossed out
empirical line shows the linear profile in the immediate vicinity of the wall and the logarithmic
profile at greater distance with fully developed turbulence. Between them lies the so-called

transition area.

We only know empirically how far this linear progression goes and when the transition area

begins. There are only empirical interpolations about the transition area itself /9/.

The empirical data for different applications and experiments are summarized in the literature

in a dimensionless form by using a dimensionless “shear stress speed” ux and the

“dimensionless wall distance” y*
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Fig. 9: Wind speed near the ground /23/
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We supplement the presentation with the so-called universal “law of wall” /9/. Fig. 10 shows the
dimensionless “universal” velocity profile in semi-logarithmic scaling. The logarithmic velocity
distribution in the turbulent area becomes a straight line (curve 3). Curve 1 represents the

linear profile close to the wall and curve 2 shows the transition range with the measured

values.
U ss
Uy ]
30 M
J° Q
o Ra=40-10°
e =231%
25 ~ o =1710°
oF & = l.gO-‘fg: Nikuradse
- 38 e =171
R s =20-10°
7 (¥ e =3210°
/ b7, 4 @ Reichardt
20 //rﬂ
1 2 3 4 5

Kurve 1, lineare laminare Wandschicht

Kurve 2, Ubergangsbereich

Kurve 3, logarithmisches turbulentes Profil

Fig. 10: Universal logarithmic velocity profile (“law of wall”) /9/

How do these observations fit the model? We assume a constant shear stress, which requires
a linear profile for the laminar wall boundary layer. For the beginning of the fully turbulent area,

follows

. ) (du)2
T =const.= ~y?%-|—
dy
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For the slope of the flow profile at the beginning of the fully turbulent range the following

statements can be made.

Tiam = Tturb

du 1 ) du 2
(y turb)

H = pD
dylam 12\/§

dy turb
= 2712 ()
- [ d}"turb Yturb
or
du 1 du
L = — 34
Ay turd (Yturb) 27 dYVigm ( )

The constant gradient of the flow profile in the immediate vicinity of the wall is reduced by a

factor 27 until the beginning of the area with fully developed turbulence.

We now determine the shortest distance from the wall at which the flow is just turbulent.

Condition according Eq. 20

Rep = 555
combined with Eqg. 19 results in
1 du
T, 0 =0D?
c5c = 27 dy
U
p

and with D = % Yeurb

YVeurp = 92

We use the so-called shear stress speed u, = \/% to introduce the dimensionless wall distance

y* =27 and obtain

p

Vigp = —YWE‘"”" =92 (35)
p

This is the dimensionless wall distance at which turbulence is fully developed.
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We compare the dimensionless wall distance 92, determined analytically in this way, with the
empirical references in the literature. Rotta /24/ states a dimensionless wall distance >60 for
the fully turbulent layer, Schlichting /9/ a value >70 and Prandtl /20/ a value >100. The Newer
literature mentions values y* = 100 /25/ but also y* > 200 /26/.
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5. Numerical calculations

5.1 A l1-dimensional equation for a turbulent profile

The previous model assumptions describe the momentum exchange while maintaining the
energy balance in a volume element D3. We apply these results to calculate the averaged flow

profile in a plane shear flow (Couette flow).

Fig. 11 shows the relations. To each wall distance y there is a volume element of the
dimension D(y), in which a momentum exchange takes place with a defined frequency. This

exchange leads to superimposed transverse flows, through which partial volumes are
transported between y +§ and y —% (the boundaries of the D-element) transversely to the

main flow direction. Mathematically, this results in an “acceleration” or a “delay” to the right or

left of the main flow.

;ﬁ D(y) =43y

v 2

u(y) '

Z

Fig. 11: Momentum exchange in the D-element

Integration over all y, to which this range relationship applies, results in the resulting total

acceleration, which is zero for the mean flow values in the stationary state.

We determine the frequency of the momentum exchange in one of the many D-elements to be

integrated. The maximum flow velocity is given by Vq according to Eq. 7. For each of the 6

main coordinates, the mean velocity amounts %un. For the profile the averaged velocity values

of the two main coordinates parallel to the y-axis are effective, i.e. %un.
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We consider the momentum exchange in the D-element to be complete when half of the D-

element is “crossed” with this velocity value. The “time” required for this is therefore

N O
‘H

Wl =
NS
e

3v3
du
dy

The frequency of the momentum exchange is the reciprocal of this

du
_dy
3V/3

The size D is not included in this formula. It is therefore to be expected that errors or

inaccuracies in the simple definition of D(y) only have a minor impact on the later results in the

previous chapter.

With the integration limits ymin and ymax the following equation results.

20 = [ (4B - u) 75 Z )] (36)

for stable conditions.

The values u(y) and Z—;(y) in the integral of equation 36 are not to be seen as a point value,

but as an average value over the range of the D-element around y and are therefore marked.

Interestingly, the term “viscosity” or “shear stress” no longer appears.
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The integration limits y,,4, and y,,;, result from D = gy, for the area near the wall with

Ymax = 3y
3
Ymin = gy

For the integration limits defined in this way, it applies that the D elements around Ymin resp. Ymax
just reach the point y.

1
Ymax — ED(Ymax) =y

1
Ymin t ED(Ymin) =y

Fig. 12 shows the geometric relationship.

> Integration

area

f———————

y } y
Lu(y) y¢ ” é

Fig. 12: Integration according to eq. 36
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The integration limits defined in this way correspond to the maximum property, but do not
necessarily fulfil the minimum property. This applies in particular in the vicinity of the wall, i.e.
for small y and thus small y,,,;,,- We therefore designate with y_ the smallest wall distance for

which the minimum condition 19

pe(y-) = 27u

still applies. An integration of equation 36 in the direction of the wall is thus physically
permissible for

1
Ymin = Y- _ED(Y)

> % y_ (37)

The turbulent flow profile in the pipe and duct flow is calculated according to the integral eq. 36

under auxiliary conditions for the maximum and minimum values of the integration limits.

Parallel to this and especially outside the constraints, Newton's equation applies.

5.2 Numerical examples for Couette and pipe flow

The eq. 36 can only be solved analytically under simplified assumptions. We take a numerical

approach, the flow profile u(y) over the cross-section y is divided into a staircase function

according to Fig. 13.
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Fig. 13: Stair function for profile calculation

- Uu(y)

The step width is Ay, the respective step value u; corresponds to the average value of u in the

interval Ay around the coordinate value y =i Ay.

By analogous application of eq. 36, each u; in each iteration step is changed by one Au;

according to the following calculation rule.

Kmax —_

1 e ) Aug
u; = Ug — Uj) ——
' 3‘/§(Kmax - Kmin) K=Kmin l Ay
ﬁ(uiﬂ —U U~ ui—l)i
p\ Ay Ay /Ay
+ constant

37)

— Aug .
ux and AL; are analogous to eq. 36 numerical average values over the range K - Ay + %D(KAy).

The summation in the first line is made for those ug for which the turbulence conditions from

eq. 19, 20 are fulfiled. The summation interval results from the definition of Kmin and Kmax

according to the definition of eq. 36 with the constraints Kmin and Kmax. mentioned.

The second line considers the Newtonian laminar friction.
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The step size Aui is limited by a selectable factor (not specified in the above calculation rule).

Furthermore, the calculated values u; + Aui must be normalized to the total flow rate
Y u; = const. after each calculation run (except for the Couette flow). For this purpose, the

quantity “constant” in the third line is used, which is determined after each calculation and

added to the newly set values u; (“constant” corresponds to the element —Z—z). The

normalization is therefore part of the calculation (not with the Couette flow, since here Z—z = 0).

The numerical results in Fig. 14 show the recalculation of the two empirical turbulent profiles in
Fig. 13.

u L /—/:77
A o
pe ///
ARy o~
/ 9
= LY |
BNy
[ /
L/
| /
V

wall distance =

Fig. 14: Numerical calculations for the turbulent Couette flow
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Fig. 15 shows the calculations for the Reynolds numbers 4000, 25000, 10° and 10°. For the
values in the area of the first support point, the already mentioned limitations apply, especially

for the two large Re numbers. All curves show finite gradients near the wall.

u l 7;

Re 10° /-"" —d

Re 10"/4‘ ! ”]

V74
/
[
|
|

I
/Re 4.000

velocity

Wall distance

R

Fig. 15: Numerical calculations for the pipe flow

Infinitely high gradients near the wall are not applicable there but are often found in the

literature. The gradient can be clearly determined using the flow resistance values for the pipe
flow.

This is known to classical fluid mechanics and is formulated in the so-called “law of wall”
correctly /9/ (see Chapter 4.4).
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6. Summary

The physical principle of minimum entropy production/minimum dissipation is applied to the
Couette flow to characterize laminar and turbulent behavior, the transition and the coexistence

at a common boundary.

The Couette flow is the only flow form with a constant shear stress over the complete flow
profile, being laminar, turbulent or both. The local dissipation defines quantitative and stable
criteria for the transition laminar to turbulent and vice versa, but also for the coexistence of both

flow forms.

The minimum dissipation condition leads immediately to the result that turbulent structures

reach maximum macroscopic dimensions.

With the transition to and from turbulence the flow profiles change by a theoretical factor = 5
due to an increase of the “apparent” turbulent viscosity by a theoretical factor = 27. The
resulting difference of the laminar and turbulent flow profiles leads to a quantitative difference
of the character of the transition laminar-to-turbulent and turbulent-to-laminar. This results in
two different Reynolds numbers (one for the laminar and one for the turbulent flow) and

different loci of transition, which are identified by calculation.

The minimum condition results in the definition of a “local Reynolds number” which includes the

local gradient of the flow profile.

The transition is a stable process. The transition to turbulence (at constant Reynolds number)
requires a remarkable active increase of the input of mechanical power into the experiment —

contradicting any “instability”.
A further result is associated with the special character of the Couette flow: For the

experimental turbulent Couette flow profiles there is no solution possible which is based on the

Navier Stokes equations.
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Special parameters

T shear stress

Ty turbulent shear stress

E local dissipation

u dynamic viscosity

Us apparent “turbulent” viscosity
p density

l Prandtl's mixing length

u speed

u average speed

u' speed fluctuation

Uy so-called shear stress speed (dimensionless)
y wall distance

y* so-called dimensionless wall distance
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